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Disease outbreak ?

Stock market ?

Traffic ?

Basics

• Dynamical system: a physical or artificial system in which the system 
state changes over time (vs. static systems with no state changes).
• State: a set of abstract attributes of interest that describe a system.

Example dynamical system State
The weather Temperature, precipitation, wind, pollution

Planetary motion Location (x, y, z), velocity

Organism growth Number of organisms (i.e., population)
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How to study dynamical systems

• Using mathematical concepts, but how?
• Consists of two parts
• State space: all possible state values 
• Dynamics: a rule that transforms the current 

state to the next state and so on. In other 
words, it is a function that maps current state 
to the next state.

• Once an initial system state (𝑡 = 0) is 
chosen, the dynamics can determine all 
future states (𝑡 = 1, 𝑡 = 2,… , 𝑡 = 𝑛).

Source: https://openocl.org/tutorials/tutorial-01-modeling-double-cartpole/
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Assumptions in dynamical systems

• Current state of the system exclusively determines the very next 
state of the system.
• The state transition from current to the next state is independent 

of the time it occurs.
• We sometimes don’t know the source of the changes on system 

states but we know that some dynamics (transition rule) exist. E.g.: 
gravity.
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Gravity assist example

Source: https://en.wikipedia.org/wiki/Gravity_assist#/media/File:Animation_of_Voyager_2_trajectory.gif

CDS 230 - Modeling and Simulation 1 — © Dr. Hamdi Kavak 5



Characteristics of dynamical systems

• Stationary vs. non-stationary
• Stationary: have a stable state. Given two states of the system at different times 

(t1 vs. t2) that we cannot differentiate if t1 > t2 or t1 < t2. 
• E.g.: constant speed, no movement, periodic behavior

• Non-stationary: have a non-stable state. Given two states of the system at 
different times (t1 vs. t2) that we can differentiate if t1 > t2 or t1 < t2. 
• E.g.: environment with friction, free fall

• A system can become stationary or non-stationary at different times.

• Deterministic vs. Stochastic
• Deterministic: same condition always leads to the same next state.
• Stochastic: same conditions leads to different next states at different times.
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Math concepts to model dynamical systems

• Differential equations
• Ordinary differential equations

• mechanical systems, population growth, exponential decay,..
• Partial differential equations

• fluid dynamics, heat, diffusion, …
• Higher order differential equations

• wave motion, flow mechanics, electro-magnetic dynamics

• Difference equations
• Population dynamics, spread of infectious diseases

• Cellular automata (automaton)
• Growth of biological organisms, growth of crystals

𝑦! 𝑡 = 𝑓(𝑡, 𝑦 𝑡 )

𝑓 𝑥, 𝑦, 𝑤
𝜕𝑤
𝜕𝑥

+ 𝑔 𝑥, 𝑦, 𝑤
𝜕𝑤
𝜕𝑥

= ℎ(𝑥, 𝑦, 𝑤)

𝑦"#$ = 𝑎%𝑦"#$&% +⋯+ 𝑎$𝑦" + 𝑏
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Ordinary differential equations (ODEs)

• Informally, differential equations are used to solve how a quantity 
changes with respect to another variable. 
• E.g., how position changes with respect to time, how infections change over time

• ODE: Derivatives of one or more unknown functions with respect to one
independent variable type.
• First order examples

• Second order example

• Partial differential equations:
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Example – chaotic difference equations

• Write a Python script for the following equation . 
• 𝑥!"# = 𝑟 𝑥! (1 − 𝑥!)

• Start with r=2, and 𝑥1 = 0.1
• Compute for 100 iterations.
• Plot the results.
• What value does it settle on?
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Example – chaotic difference equations

• If the value of r is 2.5 what is the final value of the graph?
• If the value of r is 2.8 what is the final value of the graph?
• Before trying it, predict the value for r = 3.
• r=3.3?
• r=3.5?
• r=4.0?
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ODEs in Python

• ODEs mostly do not have closed form solutions.
• We approximate ODEs by solving them numerically.
• There is a useful Python package for this task: scipy
• Install scipy using the Anaconda UI or conda command
• conda install scipy

• SciPy (pronounced Sigh Pie) has a wide range of features in addition to 
solving ODEs.
• Integration, optimization, interpolation, Fourier transforms, signal processing, 

statistics,…
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Check if you successfully installed SciPy

• What do you see?
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Solving ODEs in Python

• We have the following first order ODE. Simulate 𝑦 from 𝑡 = 0 to 3.

• Let’s rearrange the formula

• Define a Python function based on the rearranged formula

𝑑𝑦
𝑑𝑡
+ 𝑦 = 𝑡, 𝑦 0 = 1

𝑑𝑦
𝑑𝑡

= 𝑡 − 𝑦
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We usually call this 
the initial condition.



Solving ODEs in Python

• Import SciPy’s integration submodule

• Set values

• Call the solver
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0, 3, 30

𝑑𝑦
𝑑𝑡 = 𝑡 − 𝑦, 𝑦 0 = 1



Solving ODEs in Python

• How to plot this result =>
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Verifying that our solution is good enough

• Remember the ODE

• The closed form solution for this ODE is as follows

• Let’s compare numerical vs. exact solution
• Plot both on the same figure
• Plot the difference

𝑑𝑦
𝑑𝑡
+ 𝑦 = 𝑡, 𝑦 0 = 1

𝑦 = 𝑡 − 1 + 2𝑒23
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Radioactive decay
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• “Radioactive decay takes place when an unstable atomic nucleus breaks 
up by emitting ionizing radiation.”

Source: https://www.toppr.com/guides/physics/nuclei/radioactivity-law-of-radioactive-decay/ Source: http://www.dlt.ncssm.edu/tiger/chem2.htm



Variables for radioactive decay model

• System states
• 𝑁 represents the amount of radioactive material. 

• Other variables
• 𝜆 represents the positive decay constant which is dependent on the type of the 

material.

• Dynamics
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𝑑𝑁
𝑑𝑡

= −𝜆𝑁

- (minus) sign indicates the decay



Example radioactive decay question

• The mass of iodine isotope was 100g initially. 
• Decay constant (𝜆 )=0.0866 days.
• Find the decay of the material over 30 days.
• Note: 𝑁 𝑡 = 𝑁1𝑒243 is the closed form solution.
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Let’s solve this problem in Python



Model of projectile motion with 
air resistance



Variables for projectile motion model

• System states
• Position (x, y)
• Velocity (horizontal speed, vertical speed)

• Other variables
• Mass
• Air resistance coefficient
• Gravity
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Dynamics for projectile motion model

• 𝑢 = (𝑥, 𝑦) - two dimensional position of our mass (𝑚).
• Our mass is under the influence of two forces
• Gravity 𝑚𝑔 or the vector of (0, −9.81𝑚).
• Air resistance 𝐹 = −𝑘𝑢’.

• Newton’s Second Law of Motion (F=ma)
• 𝐹 +𝑚𝑔 = 𝑚 9 𝑢$$ can be rearranged by plugging 𝐹 = −𝑘𝑢′ and leaving 
𝑢’’ alone.   
• 𝑢!! = − '

(
𝑢! + 𝑔 (second order ODE).

• Transform to a first-order ODE by plugging v = (𝑢, 𝑢’) thus 𝑣7 = 𝑢7, 𝑢77

• 𝑣$ = 𝑢$, 𝑢$$ = (𝑢$, − %
&𝑢

$ + 𝑔) which can be represented as a function of v.

CDS 230 - Modeling and Simulation 1 — © Dr. Hamdi Kavak 22



Example projectile motion question

• Object position 𝑥, 𝑦 : (0, 0)
• Velocity ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙, 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 : (10, 10)
• Try different air resistance coefficients 𝑘 = 0.1, 𝑘 = 0.5, 𝑘 = 1.0
• Mass (𝑚): 1
• Project the position of the object over three seconds.
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Let’s solve this problem in Python
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